Multiple scattering of flexural waves in a semi-infinite thin plate with a cutout  by Hu, Chao et al.
International Journal of Solids and Structures 44 (2007) 436–446
www.elsevier.com/locate/ijsolstrMultiple scattering of ﬂexural waves in a semi-inﬁnite
thin plate with a cutout
Hu Chao, Fang Xueqian *, Huang Wenhu
Department of Aerospace Engineering & Mechanics, Harbin Institute of Technology, Harbin 150001, China
Received 25 August 2005; received in revised form 22 March 2006
Available online 3 May 2006Abstract
The multiple scattering of ﬂexural waves and dynamic stress concentration in a semi-inﬁnite thin plate with a cutout are
investigated, and the expressions of this problem are obtained. The analytical solutions of wave ﬁelds are expressed by
employing the wave function expansion method and the expanded mode coeﬃcients are solved by satisfying the boundary
condition of the cutout. The image method is used to satisfy the traction free boundary condition of the plate. As an exam-
ple, the numerical results of dynamic stress concentration factors are graphically presented and discussed. Numerical
results show that the analytical results of the scattered waves and dynamic stress in semi-inﬁnite plates are signiﬁcantly
diﬀerent from those in inﬁnite plates when the ratio of distance b/a is relatively little. In the region of low frequency
and long wavelength, the maximum dynamic stress concentration factors occur on the illuminated side of the scattering
body with h = p, but not at the edge of the cutout with h = p/2. As the incidence frequency increases (the wavelength
becomes short), the dynamic stress on the illuminated side of the cutout decreases, however, the dynamic stress on the
shadow side increases.
 2006 Elsevier Ltd. All rights reserved.
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Plate structures have been widely used in modern industries, such as aviation, aerospace, shipping and civil
engineering. To satisfy the engineering constructions, it is inevitable to design plate structures containing cut-
outs, which can cause stress concentrations in plates. Stress concentrations greatly decrease the bearing capac-
ity of structures, and reduce the service life of structures. So, the scattering of elastic waves and dynamic stress
concentrations in plates with cutouts have received a considerable amount of interest over the past few
decades.
It is known from researches of wave mechanics that in a certain frequency range of waves, the dynamic
stress concentration factors are much greater than static stress concentration factors. Comparing with static0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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have already devoted to the study of the scattering and dynamic stress concentration in thin plates with cut-
outs. Kung (1964), following the work of Pao (1962) and Pao and Chao (1964), investigated the dynamic stress
concentrations in thin plates, and gave expressions of bending moment and shearing force versus incident fre-
quency. Afterwards, the analysis of ﬂexural waves scattering resulting from a row of circular inclusions in
plates was also carried out by Klyukin et al. (1965). Recently, Norris and Vemula (1995) derived some basic
results concerning the scattering of ﬂexural waves produced by a cylindrical heterogeneity on inﬁnite ﬂat
plates, and the scattering by circular inclusions with diﬀerent plate properties is discussed. By employing
Mindlin theory, Vemula and Norris (1997) also analyzed the scattering of ﬂexural waves from circular regions
of inhomogeneity with diﬀerent plate properties. Meanwhile, Hu and Liu (1995, 1996) developed complex
function method for analyzing the dynamic stress concentrations produced by cutouts of arbitrary shape sub-
jected to ﬂexural waves in thin plates, and presented the general and numerical results.
To the author’s knowledge, up to present time the researches on wave scattering and dynamic stress in
plates mainly focus on the structure models of inﬁnite plates. It is well known that models of semi-inﬁnite
plates are regarded as common components of many practical engineering structures. However, because of
the eﬀects of the boundaries of the investigated areas, complex problems such as multiple scattering in
semi-inﬁnite structures may arise. The image method has proven to be an eﬃcient way used to satisfy the
boundary condition of traction free surfaces. Most recently, this method was applied in many literatures to
analyze the scattering of SH waves (Hayir and Bakirtas, 2004; Manoogian and Lee, 1996). It was also pro-
posed in analyzing the scattering of transient elastic waves (Liu et al., 1996) and spherical waves (Taraldsen-
Gunnar, 2005).
In the present paper, the image method and the wave function expansion method are applied to analyze the
multiple scattering of ﬂexural waves by a circular cutout in a semi-inﬁnite thin plate. By satisfying the bound-
ary conditions of the cutout, the expanded mode coeﬃcients are determined, and the analytical expression of
dynamic stress concentration factor around the cutout is obtained. As an example, numerical results of
dynamic stress concentration factors around the cutout are graphically presented. The eﬀects of the incident
wave number and the geometric parameters of the plate on the dynamic stress concentration factors around
the cutout are examined.
2. Equation of wave motion and its solution
The incidence of a ﬂexural wave on a semi-inﬁnite thin plate with thickness h is considered, which is
depicted in Fig. 1. A circular cutout of radius a is embedded in the thin plate. The embedded depth is b.
The governing equation of ﬂexural wave in elastic thin plates can be described as (see Pao and Mow, 1973)x
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Fig. 1. Schematic of the incident ﬂexural waves on semi-inﬁnite plates.
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ot2
¼ q; ð1Þwhere D is the bending stiﬀness of plates, and D = Eh3/12(1  m2), q is the density of plates, h is the thickness
of plates, t is time, q is the transverse load, and q = 0.
Steady solutions of this problem are investigated. Let w = Re[W exp(ixt)], then the displacement compo-
nents determined by steady ﬂexural waves are written asux ¼ z owox ; uy ¼ z
ow
oy
; uz ¼ w ¼ Re½W ðx; yÞeixt; ð2Þwhere x is incident frequency, i ¼ ﬃﬃﬃﬃﬃﬃ1p is imaginary unit.
Simultaneously, W(x,y) should satisfy the following equation:r2r2W  k4W ¼ ðr2 þ k2Þðr2  k2ÞW ¼ 0; ð3Þ
ðr2 þ k2ÞW 1 ¼ 0; ðr2  k2ÞW 2 ¼ 0; ð4Þwhere k is the wave number of incident waves, and k ¼ qhx2D
h i1=4
.
In Eq. (4), it should be noted that W1e
ixt denotes the propagating elastic waves in plates and W2e
ixt
denotes the localized periodical vibration. The two parts are incorporated and form the motion of ﬂexural
waves and vibration modes in thin plates.
The general solution of the scattered ﬁeld determined by Eq. (3) can be described asW ¼ W 1 þ W 2 ¼
X1
n¼1
An1H ð1Þn ðkrÞeinh þ An2KnðkrÞeinh; ð5Þwhere An1, An2 are the mode coeﬃcients of scattered waves produced by the cutout and can be determined by
the boundary conditions, H ð1Þn ðÞ is the nth Hankel function of the ﬁrst kind, and Kn(Æ) is the nth modiﬁed Bes-
sel function of the second kind.
3. Excitation of incident waves and total wave ﬁeld
Assume that a periodical steady ﬂexural wave impinges along the positive x-direction at the edge of semi-
inﬁnite plates. The ﬂexural waves consist of two parts: one is the propagating waves, and the other is the local-
ized vibration. According to Bloch’s theory of wave propagation, the incident waves can be proposed asW ðiÞ1 ¼ W 10 expðikbÞ exp½iðkx xtÞ þ W 20 expðkbÞ expðkx ixtÞ
¼ W 10 expðikbÞ
X1
n¼1
inJnðkrÞeinh expðixtÞ þ W 20 expðkbÞ
X1
n¼1
InðkrÞeinh expðixtÞ; ð6Þwhere W10 and W20 are the transverse vibration amplitudes of incident ﬂexural waves, Jn(Æ) is thenth Bessel
function, and In(Æ) is the nth modiﬁed Bessel function of the ﬁrst kind. The superscript (i) denotes the incident
waves.
The reﬂected waves at the edge of semi-inﬁnite plates are described by the virtual image. For the image cut-
out, the elastic waves propagate in the negative x 0-direction, and can be expressed asW ðiÞ2 ¼ W 10 expðikbÞ exp½iðkx0 þ xtÞ þ W 20 expðkbÞ expðkx0  ixtÞ
¼ W 10 expðikbÞ
X1
n¼1
inJnðkr0Þeinh expðixtÞ þ W 20 expðkbÞ
X1
n¼1
ð1ÞnInðkr0Þeinh expðixtÞ: ð7ÞWhen the exciting source is far enough from the cutout, one may suppose W20 = 0, and then the incident
waves for the real cutout and the image cutout are rewritten as, respectively,
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¼ W 10 expðikbÞ
X1
n¼1
inJnðkrÞeinh expðixtÞ; ð8Þ
W ðiÞ2 ¼ W 10 expðikbÞ exp½iðkx0 þ xtÞ
¼ W 10 expðikbÞ
X1
n¼1
inJnðkr0Þeinh0 expðixtÞ: ð9ÞWhen the multiple scattering between the real cutout and the image cutout is considered, the scattered ﬁeld
of elastic waves produced by the real cutout is written, in the localized coordinate system (r,h), asW ðsÞ1 ¼
X1
l¼1
X1
n¼1
Aln1H
ð1Þ
n ðkrÞeinh expðixtÞ þ
X1
l¼1
X1
n¼1
Aln2KnðkrÞeinh expðixtÞ: ð10ÞThe superscript (s) denotes the scattered waves.
And that the scattered waves produced by the image cutout, in the localized coordinate system (r 0,h 0) of the
image cutout, are described asW ðsÞ2 ¼
X1
l¼1
X1
n¼1
Bln1H
ð1Þ
n ðkr0Þeinh
0
expðixtÞ þ
X1
l¼1
X1
n¼1
Bln2Knðkr0Þeinh
0
expðixtÞ; ð11Þwhere Aln1; A
l
n2; B
l
n1; B
l
n2 are the lth mode coeﬃcients of scattered waves for the real cutout and image cutout,
respectively. They are determined by satisfying the boundary conditions of the cutout. For the investigated
case in this paper, they are also dependent on the boundary conditions of plates.
To make computation tractable, the expressions of elastic waves in the localized coordinate system (r 0,h 0)
should be converted into the coordinate system (r,h). According to the addition theorem of Graf (see Wang
and Guo, 1962), the following relations can be derived:H ð1Þn ðkr0Þeinh
0 ¼
X1
m¼1
ð1ÞmnH ð1Þmnð2kbÞJmðkrÞeimh;
Knðkr0Þeinh0 ¼
X1
m¼1
ð1ÞmKmnð2kbÞImðkrÞeimh:
ð12Þ
H ð1Þn ðkrÞeinh ¼
X1
m¼1
H ð1Þmnð2kbÞJmðkr0Þeimh
0
;
KnðkrÞeinh ¼
X1
m¼1
ð1ÞnKmnð2kbÞImðkr0Þeimh0 :
ð13ÞThus, the total ﬁeld of elastic waves in plates should be produced by the superposition of the incident ﬁeld,
the scattered ﬁeld, and the reﬂected ﬁeld at the edge of plates, i.e.,W ¼ W ðiÞ1 þ W ðsÞ1 þ W ðf Þ1 ¼ W ðiÞ1 þ W ðsÞ1 þ W ðsÞ2 : ð14Þ4. Boundary conditions of the cutout
Without loss of generality, we investigate the given generalized force around the cutout, and then the
boundary conditions expressed by the generalized force are (see Pao and Mow, 1973)Mr ¼ D o
2W
or2
þ m 1
r
oW
or
þ 1
r2
o2W
oh2
  
¼ Mr; ð15Þ
V r ¼ Qr þ
1
r
oMrh
oh
¼ V r; ð16Þwhere Mr and V r are the bending moment and equivalent shearing force around the cutout, respectively.
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Multiple scattering of elastic waves takes place between the real cutout and image cutout. By satisfying the
boundary conditions around cutouts, the expanded mode coeﬃcients of elastic waves are determined. When
l = 1, and the time factor is omitted, the relations among every mode coeﬃcients of scattered waves are written
asA1n1k
2½ð1 mÞH 00nðkaÞ  mHnðkaÞ þ A1n2k2½ð1 mÞK 00nðkaÞ þ mKnðkaÞ
¼ W 10 expðikbÞink2½ð1 mÞJ 00nðkaÞ  mJnðkaÞ; ð17Þ
A1n1½n2ð1 mÞHnðkaÞ  n2kað1 mÞH 0nðkaÞ  ðkaÞ3H 0nðkaÞ
þ A1n2½n2ð1 mÞKnðkaÞ  n2kað1 mÞK 0nðkaÞ þ ðkaÞ3K 0nðkaÞ
¼ W 10 expðikbÞin½n2ð1 mÞJnðkaÞ  n2kað1 mÞJ 0nðkaÞ  ðkaÞ3J 0nðkaÞ; ð18Þ
B1n1k
2½ð1 mÞH 00nðkaÞ  mHnðkaÞ þ B1n2k2½ð1 mÞK 00nðkaÞ þ mKnðkaÞ
¼ W 10 expðikbÞink2½ð1 mÞJ 00nðkaÞ  mJnðkaÞ; ð19Þ
B1n1½n2ð1 mÞHnðkaÞ  n2kað1 mÞH 0nðkaÞ  ðkaÞ3H 0nðkaÞ
þ B1n2½n2ð1 mÞKnðkaÞ  n2kað1 mÞK 0nðkaÞ þ ðkaÞ3K 0nðkaÞ
¼ W 10 expðikbÞin½n2ð1 mÞJnðkaÞ  n2kað1 mÞJ 0nðkaÞ  ðkaÞ3J 0nðkaÞ: ð20ÞWhen l = 2,3,    ,1, and the time factor is omitted, the relations among every mode coeﬃcient of scattered
waves are written asAln1k
2½ð1 mÞH 00nðkaÞ  mHnðkaÞ þ Aln2k2½ð1 mÞK 00nðkaÞ þ mKnðkaÞ
¼ 
X1
m¼1
Bl1m1 Hmnð2kbÞk2½ð1 mÞJ 00nðkaÞ  mJnðkaÞ

X1
m¼1
ð1ÞnBl1m2 Kmnð2kbÞk2½ð1 mÞI 00nðkaÞ þ mInðkaÞ; ð21Þ
Aln1½n2ð1 mÞHnðkaÞ  n2kað1 mÞH 0nðkaÞ  ðkaÞ3H 0nðkaÞ
þ Aln2½n2ð1 mÞKnðkaÞ  n2kað1 mÞK 0nðkaÞ þ ðkaÞ3K 0nðkaÞ
¼ 
X1
m¼1
Bl1m1 Hmnð2kbÞ½n2ð1 mÞJnðkaÞ  n2kað1 mÞJ 0nðkaÞ  ðkaÞ3J 0nðkaÞ

X1
m¼1
ð1ÞnBl1m2 Kmnð2kbÞ½n2ð1 mÞInðkaÞ  n2kað1 mÞI 0nðkaÞ þ ðkaÞ3I 0nðkaÞ; ð22Þ
Bln1½ð1 mÞk2H 00nðkaÞ  mk2HnðkaÞ þ Bln2½ð1 mÞk2K 00nðkaÞ þ mk2KnðkaÞ
¼ 
X1
m¼1
Al1m1 Hnmð2kbÞ½ð1 mÞk2J 00nðkaÞ  mk2JnðkaÞ

X1
m¼1
ð1ÞnAl1m2 Knmð2kbÞ½ð1 mÞk2I 00nðkaÞ þ mk2InðkaÞ; ð23Þ
Bln1½n2ð1 mÞHnðkaÞ  n2kað1 mÞH 0nðkaÞ  ðkaÞ3H 0nðkaÞ
þ Bln2½n2ð1 mÞKnðkaÞ  n2kað1 mÞK 0nðkaÞ þ ðkaÞ3K 0nðkaÞ
¼ 
X1
m¼1
Al1m1 Hnmð2kbÞ½n2ð1 mÞJnðkaÞ  n2kað1 mÞJ 0nðkaÞ  ðkaÞ3J 0nðkaÞ

X1
m¼1
ð1ÞnAl1m2 Knmð2kbÞ½n2ð1 mÞInðkaÞ  n2kað1 mÞI 0nðkaÞ þ ðkaÞ3I 0nðkaÞ: ð24Þ
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l
n2; B
l
n1; B
l
n2 of mul-
tiple scattering.
Assume that the characteristic length is the radius a of the circular cutout, the displacement amplitude of
incident waves is jW10j, and jW20j = 0. During computation, the following dimensionless variables are
adopted: the ratio of Poisson is m = 0.30, the wave number of incident waves is ka = 0.01–1.0, the relative dis-
tance between the cutout and the edge of plates is b/a = 1.1–10.
Without loss of generality, the boundary of the circular cutout is assumed to be free of traction. According
to the deﬁnition of dynamic stress concentration factor (DSCF), the dynamical bending moment concentra-
tion factor is the amplitude ratio of the hoop bending moment around the cutout and bending moment in the
incident direction of elastic waves (see Pao and Mow, 1973). Thus, the expression of the dynamic bending
moment concentration factor around the circular cutout is described asDSCF ¼ Mh ¼ Mh=M0 ¼ 
1
W 10k
2
½r2W  ð1 mÞo2W =or2: ð25Þ
Mh ¼
X1
l¼1
X1
n¼1
Aln1½ð1 mÞH 00nðkaÞ þ HnðkaÞeinh þ
X1
l¼1
X1
n¼1
Aln2½ð1 mÞK 00nðkaÞ  KnðkaÞeinh
þ
X1
l¼1
X1
n¼1
X1
m¼1
Blm1Hmnð2kbÞ½ð1 mÞJ 00nðkaÞ þ JnðkaÞeinh
þ
X1
l¼1
X1
n¼1
X1
m¼1
ð1ÞnBlm2Kmnð2kbÞ½ð1 mÞI 00nðkaÞ  InðkaÞeinh þ eikbðsin2 hþ m cos2 hÞ; ð26Þwhere M0 is the amplitude of the bending moment of incident waves, and M0 = Dk
2W10.
6. Numerical examples and discussion
According to the expression of DSCF, the DSCFs around the circular cutout are computed. During com-
putation, we ﬁnd that when the number of l is truncated at 10, and the numbers of n and m are truncated at 12,
the computing results show good precision.
Fatigue failures often occur in regions with high stress concentration, so an understanding of the distribu-
tion of the dynamic stress is very useful in structural design. Figs. 2–7 illustrate the angular distribution of
DSCFs around the cutout when the values of ka and b/a are diﬀerent.
From Figs. 2–7, it is observed that the analytical results of the dynamic stress in the semi-inﬁnite plate are
signiﬁcantly diﬀerent from those in inﬁnite plates. In the region of low frequency and long wavelength, the
maximum DSCF occurs on the illuminated side of the scattering body with h = p, but not on the side of cutout
with h = p/2. The dynamic stress on the illuminated side around the cutout is greater than that on the shadowFig. 2. Distribution of dynamic stress concentration factors around the circular cutout (ka = 0.1, b/a = 2.0).
Fig. 3. Distribution of dynamic stress concentration factors around the circular cutout (ka = 0.5, b/a = 2.0).
Fig. 4. Distribution of dynamic stress concentration factors around the circular cutout (ka = 1, b/a = 2.0).
Fig. 5. Distribution of dynamic stress concentration factors around the circular cutout (ka = 0.1, b/a = 5.0).
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decreases, and the dynamic stress on the shadow side increases.
Fig. 8 shows the DSCFs on the side of the cutout with h = p/2 as a function of the incident wave number
when the relative distance b/a between the cutout and the edge of plates is diﬀerent. From Fig. 8, one can see
Fig. 6. Distribution of dynamic stress concentration factors around the circular cutout (ka = 0.5, b/a = 5.0).
Fig. 7. Distribution of dynamic stress concentration factors around the circular cutout (ka = 1, b/a = 5.0).
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Fig. 8. Dynamic stress concentration factors versus incident wave number ka (h = p/2).
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shows good agreement with the analytical results of inﬁnite plates in previous literature (see Hu and Liu,
444 C. Hu et al. / International Journal of Solids and Structures 44 (2007) 436–4461995). Shown in Fig. 9 are the DSCFs on the side of the cutout with h = p as a function of the incident wave
number when the relative distance b/a between the cutout and the edge of plates is diﬀerent. From Fig. 9, one
can see that when the relative distance b/a between the cutout and the edge of plates is comparatively little, the
DSCF on the side of the cutout with h = p becomes much greater, and the value is far greater than 1.86.
The eﬀect of incident wave number on the DSCFs on the side of the cutout with h = p/2 as a function of the
ratio of distance b/a is illustrated in Fig. 10. When the wavelength of incident waves is longer, the DSCFs
change slowly with the variation of b/a. However, the DSCFs vary sharply when the wavelength is shorter.
Fig. 11 illustrates the eﬀect of incident wave number on the DSCFs on the side of the cutout with h = p as
a function of the ratio of distance b/a. From Fig. 11, it can be seen that when the wavelength of incident waves
is longer, the DSCFs vary slowly with the variation of the values of b/a. However, the DSCFs around the cut-
out are extremely nonhomogeneous.
It is noted that when the value of b/a is small, the DSCFs on the side of the cutout with h = p will become
quite great, and the smaller the wave number, the greater the maximum DSCF . When ka! 0, it corresponds
to the case of statics. If the value of b/a is so small, the DSCF approaches inﬁnite. An inﬁnite stress0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Fig. 9. Dynamic stress concentration factors versus incident wave number ka (h = p).
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Fig. 10. Dynamic stress concentration factors versus the ratio of distance b/a (h = p/2).
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Fig. 11. Dynamic stress concentration factors versus the ratio of distance b/a (h = p).
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does not approach zero and the value of b/a is not too small, the DSCF has physical meaning.
7. Conclusions
In this study, the scattering of ﬂexural waves by a circular cutout in a semi-inﬁnite thin plate is investigated
theoretically. The present study deals with the ﬂexural waves impinging perpendicular to the edge of semi-inﬁ-
nite plates. The incident, scattered and reﬂected ﬁelds are expressed by the wave function expansion. The
image method is employed to satisfy the traction free boundary condition of thin plates. Analytical solutions
and numerical results of the dynamic stress concentration factor around the cutout are presented.
It has been found that the results of elastic waves scattering and dynamic stress in semi-inﬁnite plates are
signiﬁcantly diﬀerent from those in inﬁnite plates. When the ratio of distance is the same, and the incident
waves are in the region of low frequency, the maximum DSCF occurs on the illuminated side of the scattering
body. However, in the region of short waves, the dynamic stress on the illuminated side around the cutout
becomes little, and the dynamic stress on the shadow side becomes great. It is obvious that the propagation
of elastic waves expresses wave property in the region of long wavelength, while has corpuscular property in
the region of short wavelength.
The conclusions of this paper can provide theoretical basis and reference data for dynamical analysis,
strength designs, and nondestructive evaluation of structures.
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